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Lecture 21: Spectral Sequence (Il)
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Spectral sequence for filtered cochain complex
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Definition

A filtered cochain complex is a cochain complex (C*, d) with a
(descending) filtration

D FC D FpC -
of each C' such that the differential preserves the filtration
d(F,C') C FpCH
In other words, we have a decreasing sequence of subcomplexes

F,C C C.

The associated graded complex is

Grf C = FpC/Fpi1 C.
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The convention for a special sequence in this case is
» an R-module EZ9 for any p,q € Z and r > 0;
» a differential d, : E29 — E’,’Jrr’q_rJrl such that cff =0 and

Er+1 = H(Er, dr)'
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There is an associated spectral sequence for any filtered cochain =
complex (C*, d, F,) where

 {x€ F,CM9|dx € Fpy,CPYOT1)
T Fpr1CPa 4 dF i CPYa-T

EI’?7q
and
d,: BP9 — EPTRa—rtl x5 dx.
The Ej-page of the spectral sequence is
B — H”*q(Grg ).

If the filtration of C'is bounded for each i, then the spectral
sequence converges and

EP9 = Gr, HPT9(C).
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Double complex
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Let us come back to the double complex example

K= P kP9

P,q=>0

which is equipped with two differentials

81 1 KP9 — KPatl
8y 1 KP9 — KPHLa

We want to compute the cohomology of the total complex

H*(Tot*(K), D), D=0+ ds.
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Let us define a descending filtration on K by

FK= P K™

m>p,n>0
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This induces a descending filtration on Tor®(K) by
Fp Tor®(K) := Tor®(F,K)
whose graded associated complex is

Grp Tor*(K) = @ KP4, differential = ;.
q>0

The E; page of the spectral sequence is

EP9 =HPY(K), di = b
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The E5 page of the spectral sequence is

EPq Hp7qH51(K)
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An element of E7'? is represented by an xy € KP9 that can be
extended to a chain

X=x0+x1+ - +x_1, x &K

such that
Dx € KPtrla-r,

In other words, we can solve the following equations up to x,_1

51X0 =0
52X() = —(51X1
52X1 = —(51X2

( 02Xr—2 = —01Xr—1.



Algebraic Topology 2020 Spring@ SL

The corresponding differential for the E,-page is

dr[Xg] = [DX] = [52Xr,1].
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Cellular chain complex revisited
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Let X be a CW complex with cellular structure
)((O) C)(U) C...cX(”) Coen
We define an ascending filtration on the singular chain complex by

FPSO()Q = 5.()<(P))
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The E%-page is

Sprq(XP))

E q= Grp(Sprq(X)) = m

P;

= Spiq(XP, X)),
Therefore the E'-page computes the relative homology

cell —
EL g = Hp q(X?, xo-0) = § G710 0=0
P,q 0 q#o

which gives precisely the cellular chains.
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q

0 0 o |- 0

cell, cell, cell ... cell ...

E]: E'-page

The differential 01 coincides with the cellular differential

0 CX) 5 G (X).
Therefore the E-page is

e [0 a0
P,q 0 q7é0
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0 0 o - 0
Feel! | preell | el | - H[r.;el/
p
[&: E*-page
The shape of this E2-page implies that
D=0==0, =E=F=...=F.

This explains why cellular homology computes singular homology.
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Leray-Serre spectral sequence
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Let m : E — B be a Serre fibration with fiber F and base B.

F——E

|

B

Assume B is a simply-connected CW complex. Then there is the
Leray-Serre spectral sequence with E*-page

E2 . = Hy(B) @ Hy(F)

that converges to Gr, Hpi4(E).
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The idea of this spectral sequence is that we can filter the singular
chain complex of E such that it favors for the computation of
singular homology along the fiber first. Explicitly, we can use

BO W ...c BM ...
to obtain a filtration of topological spaces for E
EO « U ...c Em ...
where E(" is given the pull-back
Emn s E
L
B

B(m o
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Consider the fibration (n > 2)

Qs" —— PQ"

|

5!1
Here PQ)" is the based path space of S”. We have

Hp<s">={f oy Hk(m")z{z .

0 k>0
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To arrive at Hq(PQ2"), the Leray-Serre spectral sequence must have
E2:E3:"':En

where the only non-zero terms are in the shaded locations below.

t
2n — 2 Hap_2(Q28") 2n—2(Q25")
n—1H,_ 15" H,_1(QS")
0 [Ho(QS™) Ho (QS")
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Furthermore, the maps

dn: H(nfl)k(an) — H(nil)(k+1)(95n), k>0
must be isomorphisms in order to have E*° = GrH,(PQ)") = Z.
We conclude that

Z i=k(n—1)

0 otherwise

H/(QS") = {
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Example

We illustrate Serre’s approach to Hurewicz Theorem via spectral
sequence.

Assume we have established Hurewicz Theorem for the n = 1 case
w1 — Hy. We prove by induction for the n > 2 case.

Let n> 2 and X be a (n — 1)-connected CW complex. Consider
the fibration
QX —— PX

|

X
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The E%-page of the Leray-Serre spectral sequence is

Since PX is contractible, the map

HQ(X) — Hl(Qx)

must be an isomorphism. This shows

HQ()() = Hl(Qx) = 7T1(Qx) = 7'(‘2()() (: 0if n> 2).
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We can iterate this until we arrive at the E"-page

Q

Again by the contractibility of PX, 0, must induce an isomorphism

Hp(X) = Hy_1 (QX) " 7,1 (2X) = ma(X).

This is the Hurewicz isomorphism.



